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We explore the connection between the area law for entanglement and geometry by representing the en-
tanglement entropies corresponding to all 2N bipartitions of an N-party pure quantum system by means of a
(generalized) adjacency matrix. In the cases where the representation is exact, the elements of that matrix co-
incide with the mutual information between pairs of sites. In others, it provides a very good approximation,
and in all the cases it yields a natural entanglement contour which is similar to previous proposals. Moreover,
for one-dimensional conformal invariant systems, the generalized adjacency matrix is given by the two-point
correlator of an entanglement current operator. We conjecture how this entanglement current may give rise to a
metric entirely built from entanglement.
I. INTRODUCTION
Entanglement is one of the most relevant features of the
quantum world, constituting the main resource in quantum
technologies [1–3] and characterizing the different phases of
quantum matter [4, 5]. In the last years, it has been put for-
ward that even the basic fabric of space-time might be built
upon entanglement via the holographic principle and tensor
networks [6–12]. Indeed, this suggestive connection stems
from the area law: the entanglement entropy of blocks of low
energy states of local Hamiltonians is frequently proportional
to the measure of the boundary separating the block from its
environment [13–16], with at most logarithmic corrections
[17–19]. Yet, there are relevant exceptions to the area law,
such as the rainbow state [20–27] and the Motzkin state [28–
34]. In some of these cases, as we will show, an area law is
indeed fulfilled for a geometry that differs from the geometry
defined by the local structure of the Hamiltonian. Thus, given
a quantum state, it is relevant to ask: what is the geometry
suggested by the entanglement structure?
Consider a pure state |ψ〉 of N qubits. There are 2N pos-
sible subsets or blocks, A ⊂ Ω, and we can compute the von
Neumann entropies (alternatively, Re´nyi entropies) for each,
SA = −TrA(ρA logρA), where ρA = TrA¯|ψ〉〈ψ| and TrA and
TrA¯ denote the partial traces on subset A and its complement A¯
respectively. Let I ∈ {0, · · · ,2N−1} index the subsets through
its binary expansion, and let us compute the entanglement en-
tropies for all of them, {SI}2N−1I=0 . The main question that we
will answer is: does this set of entropies respond to an area
law for some geometry?
This article is organized as follows. In Section II we de-
fine the entanglement adjacency matrix (EAM), which ex-
plains the geometry encoded in the entanglement data, while
its properties are discussed in Sec. III. Some exact examples
are discussed in Sec. IV. The cases, for which we must re-
course to numerical computations, are detailed in Sec. V. The
EAM provides a route to define a generic entanglement con-
tour, as it is shown in Sec. VI. Interestingly, from the point
of view of conformal field theory (CFT), the EAM entries can
be written as the two point correlator of an entanglement cur-
rent, and many of their properties can be readily understood.
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Figure 1. Schematic of the entanglement entropy obtained for an ar-
bitrary bipartition (A, A¯) by adding up the links connecting the sites.
Here the link intensities represent the EAM entries, Ji j.
Based on the CFT insight, we ask whether an entanglement
metric can be defined from the EAM, and a conjecture in that
direction is provided in Sec. VIII. The article concludes in
Sec. IX with a list of our conclusions and our proposals for
further work.
II. DEFINING A GEOMETRY:
ENTANGLEMENT ADJACENCY MATRIX
With the purpose of investigating the area law, we shall de-
fine a geometry through an adjacency matrix, J, such that
Ji j > 0 when sites i and j are somehow connected or zero
otherwise (Ji j = J ji). The von Neumann entropy of a subset
A⊂Ω will be given by the sum of the weights corresponding
to the broken links:
SA =∑
i∈A
∑
j∈A¯
Ji j, (1)
of course, Re´nyi entropies of order n can be employed, thus
defining S(n)A and J
(n)
i j . Alternatively, a constant s0 term may be
added to the rhs of Eq. (1), which may constitute a topological
entropy term [35]. If Eq. (1) holds, matrix J will be termed
the entanglement adjacency matrix (EAM) of the state. Notice
that Ji j is the entanglement entropy that we gain by separating
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Figure 2. Illustrating the structure of the entanglement adjacency
matrix through Venn diagrams. (a) Evaluation of the entanglement
entropy of block A requires adding up all Ji j elements joining A to
its complement (A¯ = B∪C), given by the shaded area. (b) The same
situation holds for block B. (c) The mutual information of blocks A
and B, I(A : B) = S(A)+ S(B)− S(A∪B) is (twice) the darker area
shaded in this panel, given by the sum of the matrix entries Ji j joining
both blocks.
node i from node j. A schematic representation of the above
formulation is presented in Fig. 1. Additionally, the Ji j’s may
be employed to build a notion of distance, or an entanglement
metric, along recent proposals [11, 12], that we will discuss in
Sec. VIII.
Fig. 2 presents a different way to conceptualize the en-
tropy of any bipartition, assuming the validity of Eq. (1),
similar to the Venn diagrams used in classical information
theory [36]. Let the square represent the whole J matrix.
Then, the entropy of block A or B is found by counting the
shaded elements of Fig. 2 (a) or (b), which are the ones that
connect the blocks with their compliments. But these quan-
tum versions of Venn diagrams can convey more information.
The mutual information between blocks A and B, defined as
I(A : B) = S(A)+S(B)−S(A∪B), which is twice the shaded
area in Fig. 2 (c), i.e. the matrix elements connecting blocks
A and B.
III. PROPERTIES OF THE ENTANGLEMENT
ADJACENCY MATRIX
Before considering the validity of Eq. (1) for quantum
states of physical interest, let us list a few relevant properties
of the elements of the EAM, Jab.
A. Positivity: Jab ≥ 0.
Proof. The entanglement entropy of site a can be easily ob-
tained (assuming s0 = 0): Sa = ∑ j 6=a Ja j. Similarly, the en-
tropy of a block composed by sites a and b is given by
Sab = ∑
j 6=a,b
(
Ja j + Jb j
)
= Sa+Sb−2Jab. (2)
Thus, we can find the mutual information between sites a and
b, I(a : b),
I(a : b)≡ Sa+Sb−Sab = 2Jab, (3)
thus providing a simple physical interpretation for Jab as the
mutual information of the pair of sites, a, b. Mutual informa-
tion must be positive, thus reinforcing our notion that Jab ≥ 0
must hold (if s0 = 0).
This interpretation of the entries of the entanglement ad-
jacency matrix as mutual information of sites yields the next
corollary.
Corollary: If Eq. (1) is exact, knowledge about the entan-
glement of all single sites and all pairs of sites is enough to
determine the entanglement of all blocks.
B. Subadditivity condition
The entanglement entropies obtained using the elements of
entanglement adjacency matrices, fulfil certain subadditivity
conditions:
Given any three subsets, A, B and C⊂Ω, the strong subad-
ditivity condition must hold[36],
SAB+SBC ≥ SABC +SB. (4)
Whenever Eq. (1) holds with Jab ≥ 0, even with s0 6= 0, this
inequality will hold too.
Proof. First of all, let us consider the blocks A, B and C con-
tain a single site, respectively a, b and c. Then we can prove
the following:
Sab+Sbc ≥ Sabc+Sb, (5)
which is the site equivalent of Eq. (4). In order to prove the
above relation, we can compute each of the terms:
Sb =∑
j 6=b
Jb j,
Sab = ∑
j 6=a,b
(
Ja j + Jb j
)
,
Sbc = ∑
j 6=b,c
(
Jc j + Jb j
)
,
Sabc = ∑
j 6=a,b,c
(
Ja j + Jb j + Jc j
)
, (6)
from which we derive
Sab+Sbc = ∑
j 6=a,b
Ja j + ∑
j 6=a,b
Jb j + ∑
j 6=b,c
Jb j + ∑
j 6=b,c
Jc j =
= ∑
j 6=a,b,c
(
Ja j + Jb j + Jb j + Jc j
)
+
+ Jac+ Jbc+ Jab+ Jac =
=Sabc+ ∑
j 6=a,b,c
Jb j +2Jac+ Jbc+ Jba =
=Sabc+Sb+2Jac. (7)
Due to the positivity of Jac, the strong subadditivity condition
is therefore proved.
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Figure 3. Top: graphical illustration of the validity of Eq. (4). The marked squares, filled on the lhs and empty on the rhs, account for the
inequality. Bottom: graphical ilustration of the validity of Eq. (9). The marked squares on the rhs are the filled squares on the lhs of the
inequality.
Now let us consider general subsets A,B, and C ⊂ Ω. We
can additionally prove the following important Lemma.
Lemma: A partition of the nodes into blocks leads to an
effective entanglement adjacency matrix neglecting the intra-
block links and adding the inter-block ones. In other terms,
if we define blocks {Bk}, with Bk ⊂ Ω, Bk ∩Bl = /0 if k 6= l,
∪kBk =Ω, then we can define
JBkl ≡ ∑
a∈Bk,
b∈Bl
Jab, (8)
if k 6= l and JBkk = 0. Then, Eq. (1) still holds for partitions
which do not break the blocks. The effective entanglement
adjacency matrix entries retain their physical meaning of mu-
tual informations. Similarly, the site entropies Sa, Sab, Sbc,
Sabc can be generalized to corresponding block entropies SA,
SAB, SBC, SABC. Using this lemma, and the relation in Eq. (7)
we can prove the strong subadditivity condition of three sub-
sets of Ω, A, B and C, given in Eq. (4).
A graphical illustration of Eq. (4) can be seen in Fig. 3,
along with an illustration of a direct variant:
I(A : B)+ I(B : C)≤ 2S(B). (9)
C. Recursion relation for entropies of contiguous blocks
If the quantum state is translationally invariant in one-
dimension (1D), a recursion relation that generalizes Eq. (3)
can be proved for entropies of contiguous blocks, Sl . Since
Ji j = J(l = |i− j|), we have
Jl = Sl− 12Sl−1−
1
2
Sl+1. (10)
The proof can be obtained by mere substitution of Eq. (1).
We may now ask the following question, are there any real
quantum states for which expression (1) is exact or, at least,
approximate? In the forthcoming sections, we carry out ana-
lytical and numerical analysis to answer this question in detail.
IV. EXACT EXAMPLES
In order to obtain the entanglement adjacency matrix for
any general pure quantum many-body state, one needs to com-
pute the entanglement of all possible bipartitions of the state,
which increases exponentially with the size of the system.
Hence, computation of the entanglement adjacency matrix,
which provides even approximate representation of all the en-
tropies, often requires some computational effort. We discuss
the methodology in detail in Sec. V. However, in some cases
in which the entropies of the quantum state can be computed
analytically, the corresponding entanglement adjacency ma-
trix can be obtained straightforwardly. Below we discuss few
such cases.
A. Valence bond states
Let us consider valence bond states, where qubits are paired
into maximally entangled Bell pairs, |Ψ〉 = |i1, j1〉 ⊗ · · · ⊗
|im, jm〉, with m= N/2 (for even N) and |i, j〉= 1√2 (|+−〉i j±
|−+〉i j). In that case, Eq. (1) represents exactly the entangle-
ment entropy of every partition, as long as Ji j = log2 iff i= ik
and j = jk (or viceversa) for some k, and zero otherwise. In-
terestingly, such states approximate the ground states (GS) of
strongly inhomogeneous free-fermionic Hamiltonian,
4(a) (b)
Figure 4. Graphical representation of the entanglement adjacency
matrices obtained analytically, for (a) the dimer state and (b) the rain-
bow state. Here, N = 8.
Hf−f =−12
N
∑
i, j=1
ti jc
†
i c j, (11)
where ci stands for the annihilation operator for a spinless
fermion on site i and ti j are hopping amplitudes. Below we
consider two important members of the valence bond states,
which can be derived from the above Hamiltonian at certain
limits of the hopping term ti j.
I. Dimer-model.- If we set ti,i+1 = (1+(−1)i+1δ ), and all
other ti j = 0, for δ / 1, the GS will approximate the dimer
state, whose Ji j = log2 only for i = 2k− 1 and j = 2k, for
k = 1,2, . . . N2 , which is still tridiagonal, resulting in a mere
restriction of the one-dimensional adjacency matrix represent-
ing the Hamiltonian. A graphical representation of the same
is depicted in Fig. 4(a).
II. Rainbow chain.- Another important member of the
family of valence bond states, the rainbow state, can be de-
rived from the Hamiltonian in Eq. (11), for the following
choices of the system parameters, t N
2 ,
N
2 +1
= 1 and ti,i+1 =
exp(−h(|i−N/2|−1/2)), for h 1. In this case, the Bell
pairs are established among symmetric qubits with respect to
the center: ik = k, jk = N + 1− k [20, 21]. Thus, all the en-
tanglement entropies of the rainbow state are reproduced by
Eq. (1) using Ji j = log2 iff i+ j = N+1, and zero otherwise.
Similar to the previous example, a graphical representation of
the J-matrix obtained in this case is given in Fig. 4(b). Notice
that, in the rainbow case, the entanglement adjacency matrix
is not emerging as a restriction on the adjacency matrix rep-
resenting the Hamiltonian. In other words, an observer trying
to determine the geometry from observations of the entangle-
ment will not find the geometry of the Hamiltonian.
B. Affleck-Kennedy-Lieb-Tasaki (AKLT) state
Let us now consider a translational invariant quantum state,
the Affleck-Kennedy-Lieb-Tasaki (AKLT) state on a spin-1
chain [37] and derive the exact expression of the J(l = |i−
j|) as follows. The expression of entanglement entropy for a
block of l consecutive sites obtained from the periodic AKLT
state with N 1 is given by [38–40]
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Figure 5. Plot of S(l) given in Eq.(12), along with the J(l) obtained
using Eq.(12) into (10). Both results are expressed taking logs in
base 2.
Sl = log4− 34 (1− p
l) log
(
1− pl
)
− 1
4
(1+3pl) log
(
1+3pl
)
,
(12)
where p = − 13 . For l  1, Sl approaches asymptotically the
value 2log2 that corresponds to cutting the valence bonds
that connect the block to the rest of the system (see Fig. 5).
J(l) can be found plugging (12) into the recursion relation for
translationally invariant states, (10). The result is plotted in
Fig. 5. Notice the fast decreases of J(l) with l, that can be
obtained expanding the entropies in Eq. (12) as
Sl ≈ log4− 34 (1− p
l)
[
− pl− 1
2
(pl)2
]
− 1
4
(1+3pl)
[
3pl− 1
2
(3pl)2
]
.
≈ log4− 3
2
p2l . (13)
Replacing this into Eq. (10), and only keeping the terms upto
p2l , we get
Jl = log4− 32 p
2l− 1
2
log4+
1
2
(
3
2
p2 p2l
)
− 1
2
log4+
1
2
(
3
2
p−2 p2l
)
, (14)
which after simplification yields
Jl ∝ p2l . (15)
Therefore, for AKLT state, Jl decays faster than that of spin-
correlation function, 〈~S0~Sl〉= 4pl [37].
C. GHZ-state
A different case is provided by the Greenberger-Horne-
Zeilinger (GHZ) state, |ψ〉GHZ = 1√2 (|0〉⊗N + |1〉⊗N). In this
5case, the entanglement entropy of all partitions is equal to
log2. It can be proved that Eq. (1) can only represent this sit-
uation making Ji j = 0 for all i, j and s0 = log2. This amounts
to the fact that the GHZ state does not have a geometrical in-
terpretation in this framework.
V. NUMERICAL COMPUTATION OF THE
ENTANGLEMENT ADJACENCY MATRIX
Eq. (1) attempts to represent 2N entanglement entropy val-
ues using only Np = N(N− 1)/2 parameters (neglecting s0).
The relation between parameters and entropies is linear, ex-
pressed through
∑
(i j)
AI,(i j)Ji j = SI , (16)
where I = (x1 · · ·xN) denotes the binary expansion for the in-
dex of each block, i.e. xk = 1 if site k belongs to block I (and
zero otherwise), and A is a 2N ×Np matrix with entries given
by A(x1···xN),(i j) = 1 if (xi,x j) = (0,1) or (1,0), and zero oth-
erwise. Eq. (16) is a strongly overdetermined linear system
which will be, in general, incompatible. Yet, it is possible to
find an approximate solution in the least-squares sense, using
the so-called normal equations
∑
(i′ j′)
(
A†A
)
(i j),(i′ j′) Ji′ j′ =∑
I
AI,(i j)SI , (17)
So, element kl of matrix ATA provides the number of blocks
which break both index k and index l. This number is inde-
pendent of k and l as long as k 6= l. For a system with N sites,
the number of blocks which break a given coupling is always
the same, 2N−1. The number of blocks which break two given
couplings is also the same: 2N−2. Thus, matrix ATA is given
by
ATA= 2N−2

2 1 1 . . . 1
1 2 1 . . . 1
1 1 2 . . . 1
...
...
...
. . .
1 1 . . . . . . 2
 . (18)
Eq. (17) is a linear system of Np equations for Np unknowns
with a unique solution, but the computational cost is still ex-
ponential because it requires the evaluation of 2N entropies.
Nevertheless, an approximate solution can be found using a
random sample of the total set of entropies.
We quantify the relative error made in the optimization pro-
cess described above, as follows. Let SˆI be the estimate ob-
tained through Eq. (17). The error will be defined as
E=
1
2N
2N−1
∑
I=0
∣∣SI− SˆI∣∣ . (19)
We will use this formula to estimate the error made in the
computation of the entanglement adjacency matrix for certain
physical models we consider below.
A. Free-fermionic model
Let us consider free-fermionic systems, as described in Eq.
(11). The GS of (11) is a Slater determinant built from the
lowest energy eigenstates of the hopping matrix ti j. Let Uk,i
be the matrix containing such eigenstates as columns. Then,
Ci j = 〈c†i c j〉= ∑
k∈K
U¯k,iUk, j, (20)
where K denotes the set of occupied orbitals, which we will
assume to be the half with negative energies. The von Neu-
mann entropy for a block A is found from the eigenvalues of
the restriction of Ci j to that block, νp ∈ [0,1] [41]
SA =
|A|
∑
p=1
H(νp), H(x) =− [x logx+(1− x) log(1− x)] .
(21)
2 4 6 8 10 120
0.2
0.4
0.6 δ=0.00
δ=0.25
δ=0.50
6 8 10 12 140.01
0.02
0.03
0.04
E
N
r
J(r)
Figure 6. We consider the nearest-neighbor dimerized Hamiltonian
with periodic boundary condition and N = 14. Plots of J(r) = J2,2+r
with the distance r are obtained for different δ values. Additionally,
in the inset, we plot the scaling of the error function Ewith the system
size N, for the same choices of the parameters.
Once the entropy values are computed, the optimal entan-
glement adjacency matrix can be obtained by solving the set
of linear Eqs. (17). In Fig. 6 we plot the J(r) = J2,2+r with
the distance r, for the dimerized Hamiltonian, which can be
derived from the free-fermionic model expressed in Eq. (11),
for ti,i+1 = 1+(−1)iδ . From the figure, we can see that start-
ing from a high value, J(r) decreases with r. Moreover, J(r)
presents slowly decaying parity oscillations. A true short-
ranged behavior emerges as the GS configuration tends to-
wards the dimer configuration for higher values of δ . Subse-
quently, we present a scaling of the error (E) estimated in all
these cases with the system size N. The maximum error turns
out to be < 4× 10−2. Though E quantifies the average error
introduced in the computation of entropy of any bipartition,
a more fine-grained analysis of the error, in this case, reveals
the fact that the amount of error is relatively lower in case of
bipartitions with less number of boundaries (see Appendix A
for a detailed discussion ).
6B. Interacting model: XXZ Hamiltonian
We next discuss the optimal entanglement adjacency matrix
obtained for an interacting model, the XXZ model in 1D with
periodic boundaries, expressed as
HXXZ =
N
∑
i
[
Sxi S
x
i+1+S
y
i S
y
i+1+∆S
z
i S
z
i+1
]
, (22)
where Ski (k ∈ x,y,z) are the spin-1/2 operators at site i, and ∆
denotes the anisotropy constant. We carry out the same analy-
sis as before and obtain the entanglement adjacency matrix by
solving the set of linear Eqs. (17). However, in this case, the
entropy values cannot be obtained from the correlation matrix.
Rather, we need to perform an exact diagonalization and ob-
tain the reduced density matrices directly from the GS itself.
The behavior of J(r) = J2,2+r with the distance r is depicted
in Fig. 7, for the following values of the anisotropy parame-
ter ∆ = 0.0,0.5,1.0 (critical cases), and 3.0,5.0 (non-critical
cases in the gapped antiferromagnetic phase).
2 4 6 8 100
0.08
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0.24
CFT
Δ=0.0
Δ=0.5
Δ=1.0
Δ=3.0
Δ=5.0
r
J(r)
Figure 7. We obtain the same profiles for the XXZ model expressed
in Eq. (22), with N = 12 and for different values of the anisotropy
parameter ∆. The broken black line corresponds to the analytical
expression J(r) = 16 (
pi
N )
2 1
sin2(pir/N) , obtained for the conformal case
(see Table I in Appendix C)
In general, spin and the fermion representations lead to dif-
ferent reduced density matrices for non-consecutive blocks
[42]. In our case, in order to obtain the optimized geome-
try, we must consider both consecutive and non-consecutive
blocks, a clear difference emerges in the behavior of J(r) ob-
tained in this case. We observe that unlike the fermionic case,
the profile of J(r) obtained using the spin representation does
not exhibit the usual parity oscillations. In this case, the max-
imum error (ε) computed using the formula in Eq. (19), turns
out to be ∼ 6× 10−2. Moreover, here the random sampling
of only 5× 102 entropies provides close agreement with the
above results (see Fig. 10 in Appendix A). Hence, the random
sampling method can ensure the scalability of the formalism
and unveil important features at larger system sizes, when ex-
ploring all possible bipartitions becomes impracticable.
VI. ENTANGLEMENT CONTOUR
In the subsequent part of our analysis we use the entan-
glement adjacency matrix to refine the entanglement structure
contained in the block entropies, making use of the entangle-
ment contour function [43]. The entanglement contour for a
given block A, introduced by Chen and Vidal [43] and anal-
ysed in several other works [24, 44–49], is a positive partition
of the entanglement entropy associated to the block sites, i.e.
a function sA(i) with i ∈ A, such that
SA =∑
i∈A
sA(i), sA(i)≥ 0 . (23)
Interestingly, the entanglement adjacency matrix provides a
natural entanglement contour, using expression (1),
sA(i)≡ ∑
j∈A¯
Ji j . (24)
Furthermore, using the properties of Ji j described in Sec. III,
it can be shown that our proposal for the entanglement contour
function satisfies all the constraints listed in Ref. [43]. Below
we list-down a few of those relevant properties.
1. Positivity: sA(i)≥ 0.
Eq. (3) guarantees the positivity of the elements of the
entanglement adjacency matrix, Ji j, which implies that
the contour function sA(i) defined in Eq. (24) must be
positive.
2. Normalization: ∑i∈A sA(i) = SA.
From Eq. (1) and Eq. (24), we obtain the entropy of
the subset A is given by SA =∑i∈A∑ j∈A¯ Ji j =∑i∈A sA(i).
Hence, the normalization condition of the contour func-
tion is guaranteed.
3. Symmetry: If F is a symmetry of ρA, (FρAF† = ρA) that
exchanges the sites i and j, then sA(i) = sA( j).
This statement applies to space reflections, translations,
and rotations. In our case, the symmetry must apply to
the whole wavefunction, |ψ〉AB, not to the reduced den-
sity matrix of a single block, since the Ji j’s is a property
of the entire set of partitions. A symmetry of the wave-
function will be reflected in a symmetry of the set of
entanglement entropies of the different blocks. The so-
lution to the normal equations, Eq. (17), is unique and
must reflect the symmetries of the wavefunction.
Proof of properties, viz. invariance of entanglement contour
under local unitaries and its upper and lower bounds are given
in Appendix B.
For free-fermion models, a proposal for the contour is [43]
sA(i) =
|A|
∑
p=1
|Φ(A)p,i |2 H(νp) , (25)
where Φ(A)p,i is the eigenvector, with eigenvalue νp, of the cor-
relation matrix (20) restricted to the block A. In this regard,
7here, we stress the fact that unlike the above formulation, our
approach aims to provide an entanglement contour function
by considering contributions of all bipartitions and not just
the ones consisting of simply connected intervals. Moreover,
the formalism can be applied to any general quantum system,
including the interacting models. Fig. 8 shows that the con-
tours (24) and (25) for a free-fermion model are very similar
[50].
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Figure 8. Comparison of the contour functions for the entanglement
entropy sA(i), obtained for the half-chain of a clean free-fermionic
system (ti j = 1, |i− j|= 1 in Eq. (11)), using Eq. (24) (red squares)
and Eq. (25) (black circles). Here, we consider N = 14.
VII. ENTANGLEMENT CURRENT
The entanglement entropy of the GS of a conformal field
theory (CFT) for an interval A = (u,v) embedded in the infi-
nite line is given by [17–19]
SA =
c
3
log
v−u
ε
, (26)
where c is the central charge and ε > 0 a short distance cut-
off. Eq. (26) can be obtained from a continuous version of
(1)
SA =
∫
Aε
dx
∫
B
dy J(x,y) , (27)
with Aε = (u+ε,v−ε) and B= (−∞,u)∪(v,∞), by choosing
J(x,y) =
c/6
(x− y)2 . (28)
Note that the above choice of the entanglement adjacency ma-
trix is also emanating from the recursion relation given in Eq.
(10), when the continuum limit is considered. In particular, if
we expand the entropies obtained for the contiguous blocks,
Sl , we get Jl = − 12 d
2Sl
dl2 . Eq. (28) indicates that J(x,y) is the
two point correlator, on the plane of the spatial component of
a current operator J, whose integration along segments, as in
Eq. (27), is invariant under reparametrizations. J(x,y)dxdy
represents the amount of entanglement between the intervals
(x,x+ dx) and (y,y+ dy). This interpretation of J holds in
more general situations. Indeed, using the construction by
Cardy and Tonni for entanglement Hamiltonians in CFT [51],
we can show that Eq. (27) reproduces the values of SA, for
the space-time geometries Σ, that are conformally equivalent
to an annulus. In these cases J(x,y) is given by the two point
correlator (see Appendix C).
J(x,y) = 〈J(x)J(y)〉Σ . (29)
The origin of the entanglement current J can be traced back to
the way the nth Re´nyi entropy, S(n)A =
1
1−n log trA ρ
n
A, is com-
puted using twist fields [19, 52, 53]. For the interval A= (u,v)
in the infinite line one has
trA ρnA = 〈T¯n(u)Tn(v)〉=
cn
((v−u)/ε))2∆n , (30)
where Tn(x), and its conjugate T¯n(x), are twist fields with the
same scaling dimension ∆n = c12 (n− 1/n), and cn is a non
universal constant whose value at n = 1 is c1 = 1 to guaran-
tee the normalization condition trA ρA = 1. The von Neumann
entropy SA, given in (26), can be derived as limn→1 S
(n)
A us-
ing (30). There is also an additive constant constant c′1, not
included in (26), that comes from the derivative of cn at n= 1.
The relation between the entanglement current and the twist
fields is based on Eq.(30). Taking derivatives respect to the
coordinates u and v one finds, in the limit n→ 1
lim
n→1
1
2(1−n) 〈∂uT¯n(u)∂vTn(v)〉=
c/6
(v−u)2 , (31)
that compared with (28) yields the formal identification
J(x) = lim
n→1
1√
2(1−n)∂xTn(x) , (32)
and the same expression with T¯n(x). It is important to observe
that exchanging the limit n→ 1 and the u and v derivatives in
Eq. (31) is not well defined since limn→1〈T¯n(u)Tn(v)〉/(1−
n) = ∞. There is no a priori reason why these two operations
should commute. The order of operations we have chosen in
Eq. (31) is perfectly consistent and allow us to identify the
entanglement current (32). This derivation is certainly differ-
ent from the standard one where the entanglement entropy is
found by taking the logarithm of Eq. (30) and the limit n→ 1.
Notice that the twist fields become the identity in the limit
n→ 1, so their derivative are fields of dimension 1.
Applying (27) and (28) to disconnected intervals on a line
gives the formula derived for SA in [19] (see Appendix C),
but misses a term that depends on the harmonic ratio of the
entangling points [54–60]. The current operator can be written
as Jµ = ∂µφ , where φ is a massless boson, that implies its
conservation, i.e. ∂µJµ = 0. If the scalar field φ has a mass
m, one can derive from (27) the entropy SA ' c3 log(ξ/ε), that
corresponds to a massive field theory in the scaling limit with
correlation length ξ = 1/m [19]. Eqs. (27) and (29) can be
generalized to models in D spatial dimensions recovering the
area law for SA.
8Eq. (3) and Eq. (28) seem to suggest that the mutual in-
formation I(x : y) in CFT has a universal scaling behaviour
|x−y|−2. This property holds for the free-fermion model stud-
ied above but not in general. A recent example was stud-
ied in ref.[61], when I(x : y) is computed for certain spin-
Hamiltonians. In this case, it is reported that I(x : y) ∝
|x−y|−η with η = 1/2 for the critical Ising model, and η = 1
for the XX spin model [61]. The latter results does not con-
tradict Eq. (28), since the spin representation may exhibit a
different decay rate of bipartite entanglement [42].
VIII. TOWARDS AN ENTANGLEMENT METRIC
Let us consider the intriguing possibility that the Ji j might
be employed to build a metric entirely based on entanglement
properties, as other authors have recently explored [11, 12].
The basic assumption is that highly entangled sites are, some-
how, nearby, while disentangled sites are further away. We
suggest that Ji j determines univocally a single-step distance
between sites i and j, through an unknown function
di j =Φ(Ji j), (33)
which is monotonously decreasing and fulfills Φ(0)→ ∞ and
Φ(Jmax) = `0, where Jmax is the maximal possible value of J
(for qubits, Jmax = log2) and `0 is the minimal length scale.
A reasonable choice, following our CFT discussion, is
Φ(J) = `0(J/Jmax)−1/2. (34)
In analogy to discrete metric problems, such as first-
passage percolation (FPP) [62], the actual distance between
sites i and j is found by obtaining the discrete geodesic, which
we proceed to define. Let Γ be any path along the system,
Γ= {i1, · · · , iM}. Then,
Di j = min
Γ
M(Γ)−1
∑
k=1
d(ik, ik+1), (35)
where M(Γ) is the number of steps of the path Γ. It is easy
to prove that Di j fulfills the distance axioms, including the
triangle inequality. Notice that the geodesic can take as many
steps as required.
Let us consider a translationally invariant 1D system fol-
lowing the area-law: entanglement across any cut is bounded
by a constant, with Ji j = J0 exp(−|i− j|/ξ ), such as the
AKLT state, see Eq. (15). Then, for sites i < j such that
|i− j|  ξ , we see that the geodesic is the straight path
Γ = {i, i+ 1, · · · , j}, with a distance Di j ∝ |i− j|. On the
other hand, for conformal systems, the straight path competes
with the single-step path, which is also of order Di j = J
−1/2
i j ∼
|i− j|, see Eq. (28).
IX. CONCLUSIONS AND FURTHER WORK
To summarize, in this work, we introduced a framework
to unveil the geometry suggested by the entanglement struc-
ture of any quantum many-body state. The optimal geometry
is characterized by the elements of a generalized adjacency
matrix, which is obtained by exploring the entanglement en-
tropies computed for all possible bipartitions of the many-
body state. We noted that in some cases, the optimal geom-
etry turns out to be completely different from that suggested
by the parent Hamiltonian of the model. We later showed how
the optimized geometries can provide a natural route to com-
pute the entanglement contour, introduced for non-interacting
models. Finally, we showed that for a conformal invariant sys-
tem, the elements of the generalized adjacency matrices can
be related to the two-point correlator of an entanglement cur-
rent operator. This field theory realization leads to think of en-
tanglement as a flow among the parts of the system, in analogy
to the flow of energy that is characterized by the stress tensor.
Both entanglement and energy are, after all, fundamental re-
sources of a physical theory [63]. It will also be interesting to
analyze the relation of our approach to the geometry proposed
for tensor networks [12], to holography in static and dynamic
scenarios [49, 64, 65] and also to higher-dimension physical
system. As a possible application of the formalism to other
physical models, we plan to explore quantum disordered and
quantum quenched systems in our future works.
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Appendix A: Estimation of error and random sampling
In the first part of this section, we provide a more fine-
grained analysis of the error introduced in the computation
of the entropies of each bipartition. In particular, we study
how the average error is distributed over different geometries
of the bipartitions. Towards this aim, we first group the bipar-
titions according to the number of boundaries (nA) they share
with the rest of the system. The average error (EnA ) is then
computed using the following relation
EnA =
1
ZA
∑
X∈0,2N−1
∣∣SX − SˆX ∣∣ , (A1)
where the summation has been taken on the set of bipartitions
X , which has the same number of boundaries, nA and ZA is
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Figure 9. Plot of distribution of average error (EnA) with the num-
ber of boundaries between the blocks (nA), obtained by exploring all
possible bipartition of the ground state of the free-fermionic Hamil-
tonian, defined in Eq. (11) of the main text. In the inset, we also plot
the relative error of the entropy (ErelnA ), computed using Eq. (A2) with
the number of boundaries (nA). Here, ti,i+1 = 1, and N = 14.
the cardinality of that set. Fig. 9 shows the scaling of the
error (EnA ) with the number of boundaries (nA) of the differ-
ent bipartitions for a free-fermionic model described in Eq.
(11) of the main text. From the plot, we can see that the es-
timated average error is low for bipartitions with less number
of boundaries. Now as the bipartitions with more boundaries
yield higher entropy values, in the inset, we also provide the
relative error introduced in the computation of the entropies.
It is defined as
ErelnA =
1
ZA
∑
X∈0,2N−1
∣∣SX − SˆX ∣∣
SX
. (A2)
We note that the relative error is distributed almost uniformly
over bipartitions with all possible geometries.
In the second part of this section, we discuss the efficiency
of the random sampling method that has been introduced in
Sec. V of the main text. In particular, we compare the behav-
ior of J(r)with the site distance r= |i− j|, that obtained in the
main text by considering all possible bipartitions of the state,
to that obtained using a random sampling of less number of
entropies. Fig. 10 shows one such example where a compar-
ison of J(r) vs r profile, obtained using the random sampling
method, has been made to that of the exact method, for the
XXZ model. From the figure, we note that in the cases, ran-
dom sampling of less number of entropies, can capture all the
features of the entanglement adjacency matrix efficiently.
Appendix B: List of constraints to be fulfilled by an
entanglement contour
In this section, we discuss two other important properties
to be satisfied by the contour function [43] obtained from the
entanglement adjacency matrix, as expressed in Eq. (19) in
the main text.
1. Invariance under local unitary transformations: If the
unitary transformation, UB, concerns a region B, and
2 4 6 8 100
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Figure 10. Comparison of decay of entanglement adjacency matrix,
J(r) with the site distance r = |i− j| for an XXZ model as given in
Eq. (22) of the main text, with ∆ = 0.50, considering all possible
bipartitions (black curve), and for sampling of 5× 102 number of
entropies (red curve). Here, N = 12.
the pure state |ψ〉AB is related as |ψ ′〉AB =UB|ψ〉AB, the
entanglement contour functions sA(i) derived for both
the states |ψ〉AB and |ψ ′〉AB must be the same.
Since the Ji j matrix is obtained from the entanglement
entropies of all blocks, this statement is only true for
unitary operators UB which act on single sites. In that
case, all entropies are invariant under the action of any
local unitary operator and, therefore, the Ji j matrix in-
herits that invariance.
2. a) Upper bound: If a subregion A1 ⊆ A is contained
in a factor space VA = VA1 ⊗VA2 then the entanglement
contour of subregion A1 cannot be larger than the en-
tanglement entropy SA, i.e., sA(A1)≤ SA.
For a factorized space such as given above, VA =VA1 ⊗
VA2 , the entropy function satisfies the subadditivity con-
dition SA ≤ SA1 + SA2 . This implies SA1 ≤ SA . Again,
the entanglement contour of subregion A1, sA(A1) =
∑i∈A1, j/∈A1 Ji j = SA1 . Hence the proof.
Now if we decompose A1 further as VA1 = VA11 ⊗VA21 ,
the lower bound can be derived as follows.
b) Lower bound: The entanglement contour of subre-
gion A1 is at least equal to the entanglement entropy of
SA11 .
This we can show again using the subadditivity con-
dition for the above factored space, SA1 ≤ SA11 + SA21 .
Hence, SA1 ≥ SA11 . Now alternatively, we can write
SA1 = ∑i∈A1 j/∈A1 Ji j = sA(A1). This implies, sA(A1) ≥
SA11 .
Appendix C: Entanglement current in CFT
Let us consider an interval A of finite length in a larger sys-
tem. The entanglement entropy SA of the ground state, or the
thermal state, is computed using a path integral in a euclidean
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Figure 11. Euclidean space-time Σ domains of the models. The space direction, x, runs horizontally and the time direction, t, runs vertically.
A red segment denotes the interval A and a red circle the boundary of a disk of infinitesimal radius ε . The boundaries of Σ are colored in black.
In all these cases, the space-time left after the removal of the disk, or discs, can be mapped to an annulus A, of heigh 2pi and width WA, by the
conformal transformations given in Table I.
Type Geometry A f (z) WA g(x,y)
I x, t ∈ IR (u,v) log z−uv−z 2log v−uε 1(x−y)2
II x = x+L,y ∈ IR (−R,R) ln
(
e2piiz/L−e−2piiR/L
e2piiR/L−e2piiz/L
)
2log
(
L
piε sin
pi`
L
) ( pi
L
)2 1
sin2 pi(x−y)L
III x ∈ IR, t = t+β (−R,R) log
(
e2piz/β−e−2piR/β
e2piR/β−e2piz/β
)
2log
(
β
piε sinh
pi`
β
) (
pi
β
)2 1
sinh2 pi(x−y)β
IV x > 0, t ∈ IR (0,x0) log z+x0x0−z log
2x0
ε
1
(x−y)2 +
1
(x+y)2
V x ∈ (−L,L), t ∈ IR (x0,L) log
(
sin(pi(z−x0)/(2L))
cos(pi(z+x0)/(2L))
)
log
(
4L
piε sin
pi`
2L
) ( pi
4L
)2( 1
sin2 pi(x−y)4L
+ 1
sin2 pi(x+y)4L
)
VI x > 0, t = t+β (0,x0) log
(
e2piz/β−e−2pix0/β
e2pix0/β−e2piz/β
)
log
(
β
piε sinh
pix0
β
) (
pi
β
)2( 1
sinh2 pi(x−y)β
+ 1
sinh2 pi(x+y)β
)
Table I. Conformal maps f (z) from the geometries of Figs. 11 into the annulus of widths WA and the corresponding functions g(x,y). In the
cases II, III,V , the length of A is denoted by `.
space-time Σ. To regularize the path integral one removes in-
finitesimal discs Dε (parameterized by a complex coordinate
z) of radius ε , centered around the entangling points of A. The
resulting space-time Σ \Dε , can be mapped, via a conformal
transformation w = f (z), into an annulus A of heigh 2pi (i.e.
Im w = Im w+2pi) and width WA given by [51]
WA =
∫
Aε
dx f ′(x) , (C1)
where Aε denotes the interval left after the removal of the discs
Dε . The nth Re´nyi entropy is given by
S(n)A =
c
12
(
1+
1
n
)
WA+Cn+o(1) , (C2)
where c is the central charge of the CFT and Cn is a constant
that depends on the boundary entropies and non-universal data
of the model. A contour is a non-negative function s(n)A (x) that
describes the contribution of the points of the interval A to the
nth Re´nyi entropy [43],
S(n)A =
∫
Aε
dx s(n)A (x), s
(n)
A (x)≥ 0 . (C3)
This function is non-unique but Eqs. (C1) and (C2) suggest
the ansatz [24, 46]
s(n)A (x) =
c
12
(
1+
1
n
)
f ′(x)+
Cn
`
, (C4)
where ` is the length of the interval A. Our aim is to represent
the non-constant term of the contour function (C4) as
s(n)A (x)−
Cn
`
=
c
12
(
1+
1
n
)
f ′(x) =
∫
A¯
dy J(n)(x,y) , (C5)
where A¯ is the complement of A.
The dependence of J(n)(x,y) with respect to n can be factor
out defining the function g(x,y),
J(n)(x,y) =
c
12
(
1+
1
n
)
g(x,y) , (C6)
that from (C5) satisfies
f ′(x) =
∫
A¯
dy g(x,y) . (C7)
As an example, let us consider the euclidean space-time with
complex coordinate z = x+ it ∈C and the finite interval, at
11
t = 0, A = (u,v) ⊂ IR with v > u. Removing two discs of
radius ε around the entangling points z = u,v one obtains the
annulus A by the conformal transformation [51]
w = f (z) = log
z−u
v− z . (C8)
Choosing the regularized interval as Aε = (u+ ε,v− ε) (with
0 < ε  1), one finds from (C1) and (C8)
WA = f (v− ε)− f (u+ ε) = 2log v−uε . (C9)
and from (C2) the well known result
S(n)A =
c
6
(
1+
1
n
)
log
v−u
ε
+Cn+o(1) . (C10)
To find the function g(x,y), satisfying Eq. (C7), we choose
the interval A¯ = (−∞,u)∪ (v,∞), which does no depend on
ε since the interval Aε already provides a regularization. Eq.
(C7) becomes
f ′(x) =
1
x−u +
1
v− x =
(∫ u
−∞
+
∫ ∞
v
)
dy g(x,y) , (C11)
and taking a derivative respect to u, or v, gives
g(x,y) =
1
(x− y)2 . (C12)
that together with (C6) yields (28). Let us observe that J(x,y)
is the two point correlator of a current J(z) on the complex
plane,
J(x,y) = 〈J(x)J(y)〉plane . (C13)
This method to compute g(x,y) can be applied to the geome-
tries depicted in Fig. 11 where the regularized space-time
Σ \Dε is conformally equivalent to an annulus [51]. The re-
sults are presented in Table I and using them one can verify
Eq. (28) in the main text that generalizes (C12).
Two disjoint intervals in the infinite line
Let us apply Eqs. (27) and (28) in the main text to com-
pute the entanglement entropy of the ground state for two dis-
joint intervals A= (u1,v1)∪ (u2,v2) (with u1 < v1 < u2 < v2).
Choosing the regularization
Aε = (u1+ ε,v1− ε)∪ (u2+ ε,v2− ε), (C14)
A¯ = (−∞,u1)∪ (v1,u2)∪ (v2,∞) .
one finds (discarding the cutoff ε)
SA =
c
3
ln
( |u1− v1||u2− v2||u1− v2||u2− v1|
|u1−u2||v1− v2|
)
. (C15)
This results agrees with the one first obtained in [19]. There is
however a missing additive term in this expression of SA that
depends on the harmonic ratio x = (u1− v1)(u2− v2)/((u1−
u2)(v1− v2)), and the operator content of the CFT, and not
only on the central charge [54–57, 59, 60]. Extensive ana-
lytic and numerical work has been devoted to this problem
but, to our knowledge, there is no a general analytic formula
for SA (see [60] for a summary and an extended list of refer-
ences). The generalization of (C15) to more than two intervals
is straightforward.
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